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LEARNING IN THE TEMPORAL DIMENSION

Time-continuous mode]

o(t) = f(@(t), w(t), u(t))

J[O,T] = Jr —I—/O dt L(x(t),w(t),u(t))

w* = arg min Jyo 7 (w)

birth: the single reset  nerther training nor test! death ;
= >
0 environmental interactions T

Genetic inherrtance! How big the lifespan is supposed to be! Virtually infinite?
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VALUE FUNCTION

Value Function V : [0,T] x X - R: (t,§) — V (¢, x)

w

V(t.z) = Jr + min /t ds L(E(s). w(s), s)

0 / cost to go T
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USING BELLMAN’ PRINCIPLE

decision
at
N\
| /_\t g T
/ N

t+ At
V(t,a*)= ]Er[li%)o/(t + At,x + Az) + / ds L(x(s),w(s), 3))
w t, t

Vt,z* )=V (t+ At,z" + Ax*)+ min  L(x(t),w(t),t)At + o( At)
w([t,t+At])

=V(t,x*) + Vi(t, ") At + V,(t, 2*) Ax™ + o(Azx™) + o( At)
+  min  L(z(t), w(t), t) At
w(in  L(@(t), w(t), 1)
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HJB EQUATIONS

v%*): V(t+ At 2" + Ac*) +  min  L(z(t), w(t), ) At + o( At)
w([t,t4At))

= V%) + Vi(t,x™) At + V(t, x*) Ax™ + o(Ax™) + o( At)

+ min  L(x(t),w(t),t)At,
w([t,t+At]) (1) At = f(a™, w*, t)At

o(At) = Vo (t,x™)- f(x™, w™, t) At + Vs(t, 2™ (1)) At + ({minA ) L(z(t),w(t),t)At
w([t,t+At

Vs(t, ™) = — min (L(x*,w,t) + V. (t,x™) - f(:v*,w,t))

w
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HAMILTONIAN AND HJB EQUATIONS

H(z,p,s) :=min (L(z,w,s) +p- f(z,w,s)) Hamitonian

w

Vs(t, ™) = — min (L(x*,w,t) + V. (t,x™) - f(:z:*,w,t))

w

unknown V(t7 ;1:)

Vi(t, ™) + H(x™,V,.(t,z™),t) =0

V(T,z) = g(x) terminal condition

suonenbl [eruaJRI(] [BNJBd
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HJ(B) EQUATIONS AND
METHOD OF CHARACTERISTICS

HAMILTONIAN DYNAMICS IS SUFFICIENT
Let us consider the following (HJ) initial-point problem

Vi(t,z) + H(x,Vy(t,z,t) = 0.

(FJ) {V(O,x) = g(x). ??9
oM

L

O
We want to convert this PDE problem into a@@DE that can open a dramatically
different computational perspective. \i\%e;yg% the method of characteristic. Now,

let us introduce the co-state p as p BV and consider the total derivative'® of
its K coordinate QQ\
uy
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HJ(B) EQUATIONS AND

METHOD OF CHARACTERISTICS
co-state p as p := V.

How does it evolve?!

P(t) := Pa, (1) = Va,u(t, () + Vi, - i
Now, if V solves (HJ) then

Vo t(x,t) = —Hy (z,Vy(x,t),t) — Hp, (x, Vy(x,t),t) - Vi, (x,1)
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H)JB EQUATIONS AND
METHOD OF CHARACTERISTICS (CON’T)
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NON-HOLONOMIC CONSTRAINTS
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LAGRANGIAN APPROACH

Jr, = Jr +/0 dt (L(x(t),w(t),t) + @) - (fz(t),w(t),t)) — ;i;(t)>

—
8
N
~
N—"
P
—~
<~
N——"
S
—~
~
N—"
<~
~—
|

= L(z(t), w(t),t) + A1) - f(x(t), w(t),1)
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A CLASSIC “TRICK”

T

/OT dt \(t) - &(t) = [)\(t) -:E(t)] - /OT dt A(t) - z(t)

0

Jp = Jp+ /OT dt(?—[(az(t), M) w(t), 1) — () -:i:(t))

\ . J/

-~

ﬁaz

T

Jr(z,\) = Jr— [x(t)-A(t)]O +/O dt(z-[(x(t),)\(t),w(t),t) + 2(t) - )\(tl) -

[PUOMDUN) DY UM JO SABM JUSUSLIP OM]
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EULER LAGRANGE EQUATIONS

0= CLE— LT M)+ Halal0), A(D), w(t), 1) = 0
0= %L§ — L) = &) — Halz(D), A1), w(t),t) =0
0= %Lfb — L = Ha(x(t), A(t),w(t),t) = 0.

H(x, A\ t) = minH(x, \,w,t).

w

Finally, this leads to the Hamiltonian equations

{m — —H,(2(t), A(t), t)
i(t) = —Ha(z(t), A(t), 1)
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CHARACTERISTIC EQUATIONS OF HJB
HAMILTONIAN “LAWS”
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CLASSIC CASE OF
LINEAR QUADRATIC (LQ) CONTROL
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LINEAR QUADRATIC (LQ) CONTROL

= Ax + Bw
1 / 1 /
L(z,w,t) = 5% Qx + S Rw

2
— R 'B'p=—-R 'B'Pzx:=Fx.

1 1
w* = min (ix’Qaz + —w'Rw + p'(Azx + Bw))

feedback control
t=(A+ BF)x
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THE HAMILTONIAN

1 1
w* = min (533’62:1: + §w’Rw +p'(Ax + Bw))

=—-R 'B'p=—R 'B'Pz:= Fu.

1 1
H(z,p,w)| . = §$’QCIJ + [§w’Rw +p' - (Az + Bw)]

1 1

= 52'Qu+ _(R™'B'p)R(R™'B'p) - ¢ - (Az + B(R™'B'p))
1 1 -1 —1

— 53;’@@ + 5]o’ BRS B'p—p' - (Ax+ BR™'B'p)

1, 1L, /

= 5% Qx — §p5p+pACC
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SOLVING HJB EQUATIONS

Vit,x) = %g;’P(t)g; Let's assume a quadratic function
Vi+ H(z,V,) =0 terminal conditon V(T,z) = g(x)

1 ,. 1 1 1
—o' Pz + 5:1:’@:1: — §p'Sp +p' Az = 5

: 1 1
5 x’PZ+§x/Qz‘— ix/P’SPzé—kzé’P’Azé:O

Riccati equation
A’PWCmeK;j :pj,@amWPA P—I—Q—I—PA—I—A/P—PSP:O
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SOLVING HJB EQUATIONS

Vi+ H(x,V,) =0 terminal condition  V(T,z) = g(x)

We solve \

P+ QWPA+AP-PSP=0  V(ta)= %az’P(t)az

We find the co solution of the PDE

1
* o Lo X
w —n%n(2:z:Qa:—|—2

= R 'B'p=-R 'B'Px:= Fx.

"Rw + p'(Ax + Bw))
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ASYMPTOTIC STABILITY

r = Ax + Bw
t=(A+ BF)x feedback control
Wi(t) = %x’(t)?a:(t) Lyapunov function

W(t) = &' Pz(t) = 2/ P(A — BR™'B'P)x(t)

- %x'(t) (P(A — BR'B'P)+ (A — PBR—lB’)P) ()

P(A—BR 'B'P)+ (A’ -~ PBR™'B")P
= PA+AP—-2PSP=Q+PA+AP—-PSP-Q— PSP=—-Q— PSF
0
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ASYMPTOTIC STABILITY (CON’T)

W(t) = &' Px(t) = 2’ P(A — BR™'B'P)x(t)
1 _ _ _ _
— §;c’(t) (P(A — BR'B'P) + (A — PBR—lB’)P)a;(t)
P(A—BR 'B'P)+ (A’ — PBR™'B')P
= PA+ AP —-2PSP=Q+ PA+ A'P—-PSP—-Q — PSP =-Q — PSF
0

Riccati's equation
. 1 _
W(t) = —§x’(Q + PSP)x <0

Q+PSP>0 Q>0,R> O'mc stability P

The "magic” of asymptotic stability: we need to solve Riccati's equation
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LQ: HAMILTONIAN EQUATIONS

1 1
w* = min (537/Q£C — §w’Rw +p'(Ax + Bw))

— R 'B'p=—-R 'B'Pz:=Fux.
t=(A+ BF)z

1

1
H(z,p,w)| , =-2'Qu+ [§w’Rw +p' - (Az + Bw)]
1

w* 2

w*

1

= 533’@:13 + §(R_1B’p)’R(R_1B’p) —p' - (Az + B(R™'B'p))
1 1
= §$,Q$ + §p’ BR'B'p—p' - (Az+ BR ' B'p)
5
1 / 1 / /
=357 Qr — §pSp+pA:C
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LQ HAMILTONIAN EQUATIONS
&= Az + Bw= Az — BR 'Bp (:U)_(A —S) <
° p) \-Q-4")
p=—-Qz— A'p.
|-Dim
a —S p—a —s \
(_q _a) det( y Ha) 0

positive eigenvalues ... we need of the crystal ball!

(p? —a®)—qgs=0— p=++\/a? + gs
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HAMILTON and RICCATI EQUATIONS

When considering the circuital assumption p = Pz we get p = Px + Pi. From
the state equation P& = PAx — PSPx and, therefore,

p=—Qx — A'Px = Px + PAx — PSPz

That is, for any z:
Qx + A'Px + Pz + PAx — PSPz =0— P+ Q+ A'P+ PA— PSP = 0.

P+Q+AP+PA—PSP=0 it cannot be solved “forward in time”!
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H AND HJB EQUATIONS:

CAN WE FIND THE VALUE FUNCTION? WHY IS QUADRATIC?

1 1 . .
Vi+ H(x,V,) =V, + §x’Qx — ip’Sp +p'Ax =0 Hamiltonian

i=Az+ Bw= Az — BR 'Bp
S

p=—-Qz— Ap. \

't =p Ax —p'S
p/.j?—iblﬁ:p/ALU—p/Sp—I—x/QZE—‘rx/A/p% {p p pop

2p=—2'Qr —2'A'p

Vi= 100 - ')

- Since p(t) = P(x)x(t) we get

Vi + % (x’P:’v — 2/ (Pr + P:’c)) =V, - %x’P(t)x’ =0
and, finally

V(t,z) = %a:’(t) /O dsP(s)n(t) = %x’(t)P(t)az(t)
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TO SUM UP

* HJB: necessary and SUFFICIENT conditions!

* H equations are characteristic for the H] PDE

* Links with Lagrangian approach - Pontryagin's Maximum
Principle - PMP)

* The perspective of H Learning

S3P-2024 - Hamiltonian Learning


https://en.wikipedia.org/wiki/Pontryagin%27s_maximum_principle

COGNIDYNAMICS:
A THEORY OF NEURAL PROPAGATION

“Life can only be understood backwards; but
it must be lived forwards.”

Seren Kierkegaard



HAMILTONIAN LEARNING
AND BIOLOGICAL PLAUSIBILITY

reactions: Lagrangian multipliers A

N g‘/ﬂég‘r‘v
A "’AVAV»? :

e GTEET o i

‘ s

foEts

UOI3DBJDIUI [BIUSWIUOIIAUD




LEARNING IN RECURRENT NETS

\ environmental interaction

d|SS|pat|ve parameters

R(v,T) = / < > >‘mw +72¢2\ )ds

ey jev

O
kinetic energy 1€ potential energy
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THE HAMILTONIAN

S
T DISSEPD

H(gza wzyvp'upzya t)

C — (O{7w7w7m7 ¢)

developmental learning

S3P-2024 - Neural propagation
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3uluJea| JO UOIBZIUDIDBJIRYD ||N)

THE HAMILTONIAN (CON’T)

- \

invariances

zvp,C,

+<— optimal control

|

1

¢ = —§ch

external purpose

energy-driven
heuristics
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LEARNING IN THE TEMPORAL DIMENSION

ij:z}fﬁ p=—H, paﬁl
HAMILTONIAN EQUATIONS CP
& = Ozz(é} o( ) Wz’jé‘}))

Energy-Driven
Heuristics

Pi = —8i0; Qi Ve, + 8i0ip; — 84 Z 0" (A ) Wi
—— rk€chli]

Pij = —8i0wij0’ (a;)pi&;

S3P-2024 - Neural propagation
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S3P-2024 - Neural propagation



GRADIENT-BASED INTERPRETATION OF
HAMILTONIAN LEARNING

| wa Bij(t) =

oy ij m;(t)

S
S
VN

~~
N——"

|
@
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VN
=
]
S
VN
~~
N——"
N
S
|
|
N
~
L
&
S

q\
TS
S
N
S

e
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GRADIENT-BASED INTERPRETATION OF
HAMILTONIAN LEARNING

Wij + 0ijwi; + Bijpij =0

/

Dij = _aiwijgl(ai)pifj

I

gij

Il - gradient-based interpretation

S3P-2024 - Neural propagation



for tin range(n-1): target

t s

time # Hamilton's statiotemporal propagation response LSTP

#

b_x_dot[t0] = q * (1] - x[tom

for i in range(m):

/' x_dot[t,i] = SignFlip[t]*(-x[t,i]+Sigma(fi]))

X[t+1,]] = x[ti] + tau*x_dot[t,]

p_b_dot[ti] = - SignFlip[t]*(DSigma(fli]) *p_x[ti]*u[t] + r_Ow*b[t,])
p_b[t+1,i] = p_b[ti] + tau*p_b_dot[t,]

p_x_dot[t,]] = p_x_dot[ti] + p_x[ti] - r_Ox * x[t,i]

b_dot[ti] = -SignFlip[t]*p_b[ti]/r_w

b[t+ | ,|:| — b[t,l] + tau*b_dot[t,i] //forward// Hp //backward// _Hw

for j in range(m): /

fli] += wltij*x[t/]
/ p_x_dot[t,] = p_x_dot[ti] - DSigma(f[i])*p_x[t,)]*W[t,}i]

connection

p_w_dot[ti] = - SignFlip[t]*(DSigma(f]i]) *p_x[ti]*x[t)] + r_Ow*w[ti])
p_w[t+ 1] = p_w[ti)] + tau*p_w_dot[t,]
w_dot[ti)] = -SignFlip[t]*p_w[t,1j]/r_w
wlt+ 1] = wltij] + tau*w_dot[t,i]
p_x_dot[t,i] = SignFlip[t]*p_x_dot[t,]
p_x[t+1,]] = p_X[ti] + tau*p_x_dot[t,]

sisA[euy J1WYIIo3|y

NOILVOVdOdd 1VHOdIWd | OILVdG 1VOOT]



ENERGY BALANCE

_ /t @(T)VS@ input/output Information

D := Dy + Dg+ Do + D,

D / bilr variation of loss gating
o - )
Dg := / Z Bi; (T pfj variation of weight velocity gating
/
D, = / > op G(T)pi(7 { &i(T )+a(ai(7))}d’r variation of activation gating
T
D, = _/0 Zieff ai(T)pi(7)o’ (ai(T)) Zj wij (T)wiz ()& (T)dT variation of weight gating

S3P-2024 - Neural propagation



ENERGY BALANCE (con’t)

| Principle of Cognidynamics

TD

L, AH

E=AH+ D

All energy term can either be positive or negative!

S3P-2024 - Neural propagation



(3.uod) IDNVIVE ADYINT

+Z

))dT
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&= H,
p=-

T

DEVELOPMENTAL LEARNING
AND ENERGY-DRIVEN HEURISTICS

invariances H(Qfa P €7 u)

|

1

(= —=nVep?

2

external purpose

energy-driven

<— optimal control
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CONSCIOUSNESS ISSUES

consciousness conscious control
module

<
<%

A

self-conscious control

\ 4
response
Lagrangian | Optimization i
module module

A

A A
genetic objectives environmental
information
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NEURALYVS ELECTROMAGNETIC
WAVE PROPAGATION



WAVE PROPAGATION

Finite Difference Time Domain (FDTD)

v.E="
€
— (i+1, j+1, k+1)
oF !
V X B=uJ+ GME Z
(i, j. k+1) = /
V-B=0 A A
—> > H—»
0B E; N H N *
V X E = _E Y _/‘X = (i+1,j+1,k)
- E,
i, j. k) E (+1,].k)
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MAXWELLS EQUATIONS

n+1 n—1
Bl jr — Ealijx
2AL

n—+1 n—1
Ey i,J,k Ey i,J,k
2AL

n—+1 n—1

1 i,j,k L, 1,J,k
2At

n+1 n—1

H, i,j,k H, i,J,k
2At

n+1 n—1

Hy i.j,k Hy 1,J,k
2At

n+1 n—1

H, i,J,k H, 1,5,k
2AL

n mn mn mn
€ 2Ay 2Az
n n mn
U (Halijeer = Haldjoor  Helfajm — Halila
€ 2Az 2Ax
mn mn n n
1 Hy z’—|—1,j k: - Hy i—1,5.k H, i,j+1,k Hy i,7—1,k
£ 2Ay
mn n
—1 Ez ,J+1 k L, 1,7—1,k E?J i,J,k+1 yl i,J,k—1
] 2412
n n n
—1 [ Ey J E+1 by i,j,k—1 L, i+1,5,k E2|z'—1,],k
L4 2Az 2Ax
mn n mn
—1 w+ij yi—lJi: ZQUiJ+1$7__EL7%j—1k

. plus divergence equations
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MAXWELL EQS: INVERSE PROBLEM

(V-E = & (Gauss’s Law)
< V-B =0 (Gauss’s Law for Magnetism)
VxE =-28 (Faraday’s Law)
VxB =puod+ ,uoeo%—]? (Ampere’s Law with Maxwell’s correction)
t
DaivE(t) = &, DygivB(t) =0
€0
d C
dt / curl

S3P-2024 - Neural vs wave propagation




INVERSE PROBLEM AS OPTIMAL CONTROL

_. divergence equations on B, E

u* = arg min / [(cx(t) — (1) Q(Cx(t) — 2(1)) + u(t)'Ru(t)} dt
v Jo
A'P+ PA— PBR 'B'P+ C'QC =0 It's likely very hard to solve!

|

u(t) = —R™'B'Px(t)

S3P-2024 - Neural vs wave propagation



HAMILTONIAN SOLUTION

S=BR™'B’
H(z,p) = 5(Cx(t) = 2(0))Q(Cx(t) — (1)) — 5v'Sp
t(t) = Ax(t) — Sp(t) t(t) = Az(t) + Bu(t)
p(t) = —C'Q(Cx(t) — 2(t)) — A'p(t) generally hard to solve
x(0) =
p(0) = po

u(t) = —R™'B'p(t)
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TIME SYMMETRY

time symmetry

|

A eigenvalues on the imaginary axis

t(t) = Ax(t) — Sp(t) t(t) = Az (t) + Bu(t)
p(t) = —C'Q(Cx(t) — 2(t)) — A'p(t)
x(0) > g

boundary conditions

u(t) = —R™'B'p(t)

“foryard propagation also for the co-state!”

u(t) = A'u(t) + R'B'C'Q(Cx(t) — 2(1))

S3P-2024 - Neural vs wave propagation



HAMILTONIAN LEARNING FOR
NEURAL AND ELECTROMAGNETIC PROPAGATION
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CONCLUSIONS

Regulated access to data collections and the challenge of
CollectionLess Al - emphasis on environmental interactions

Learning theory inspired from Theoretical Physics; a pre-
algorithmic step: Cognitive Action, natural laws vs algorithms)

Hamiltonian Learning and dissipation

Local SpatioTemporal Propagation (LSTP) as a proposal to
replace Backpropagation in “temporal learning environments”™

Electromagnetic wave propagation
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